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 t7 σ(t, x) ∈ Rd×d 
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divx σ + f = 0  
 (0, T ) × Ω, )*
σ = Ã(ε(u) − B̃z)  
 (0, T ) × Ω, )*
∂tz ∈ ∂χK(B̃σ − Lz)  
 (0, T ) × Ω. )*
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z(0, x) = z0(x), x ∈ Ω )1*
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 (0, T ) × ΓD, )2*
σn = hN 
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7 Ã ∈ Lin(Rd×d ,Rd×d )  #	     
 

B̃ ∈ Lin(RN ,Rd×d ) 3 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hN ∈ W1,1(S; H
1
2
 (ΓN ))   (u, σ, z) 	  
  )*)?*    δ > 0
 
u ∈ L∞(S; H 32−δ(Ω)), σ ∈ L∞(S; H 12−δ(Ω)), z ∈ L∞(S; H 12−δ(Ω)).
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
∂Ω = ΓD  	 
u ∈ L∞(S; H 43−δ(Ω)), σ ∈ L∞(S; H 13−δ(Ω)), z ∈ L∞(S; H 13−δ(Ω)). )*
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 τ>0,kτ≤T ‖σ(kτ)‖H1(Ω) ≤ c7 &  &	 &     	 #





 (  #   
 <
(  &    	
σ ∈ H 12−δ(Ω) 
 9 3 >  












6 33   
 >  #& "
 ' 






 	  	7 6   3 6  
   
 & 3 "
 
@ 3 )' 
 * & 	  3	 3   3 








   6 3#    






  3     #
	 
 #  !3   "
   3 & 33 




 1* & 3 @   	 





 &   






 )6 1* 6  	 @




   33    	  I 
 	
  
    





    # (∇u, z) 33
 	  ΓD 
 ΓN   .
 
3     I 
   3    
    
   & 6
 
 6   3   #  	 #  3	 3    6  











	 3     # ∇u 
 z   (
 3  ΓD 

ΓN  6 1 
 

  	  # (u, z) 	
    #  .!

 3    
	 	   	  6 1 # 3	 3  








 7 @ "
 ' 
 1 & .
  	   





9 	 (   I 
 







 &   	 
 ;	 
 )  	 
 
B̃ = 0* &	   u(t) ∈ H2(Ω)   	    







 &  	 # 6    3   & 

	 .3 u ∈ L∞(S; H2(Ω))
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 d > 1 
 	 > 0  Ω = (−	, 	)d−1 × (0, 	) ⊂ Rd 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Γ0 = {x ∈ Rd ; x′ ∈ (−	, 	)d−1, xd = 0 },
Γ1 = {x ∈ Rd ; x′ ∈ (−	, 	)d−1, xd = 	 },
Γ = ∂Ω\(Γ0 ∪ Γ1).
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 3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 
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 3 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 Γ7 &  # 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
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 # 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 & 	  ΓD = Γ1 








 ũ(y′, xd) = ũ(x′, xd) ∀y′ ∈ x′+2	Zd−1}
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V = {u ∈ H1Γ (Ω,Rd) ; u|ΓD=0 },
&  Z = L2(Ω,RN ) 
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E(t, u, z) =
∫
Ω
W (∇u, z) dx− 〈	(t), u〉V +
∫
Ω
F (t) · z dx
#  3
 @ u ∈ V 7  

   z ∈ Z 
   t ∈ S = [0, T ]
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 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 
  W : Rd×d × RN → R   	   ;	  & 
W (D, z) = 12A(D −Bz) : (D −Bz) + 12Lz · z )*
# D ∈ Rd×d 
 z ∈ RN  6 
 A ∈ Lin(Rd×d,Rd×d)7 B ∈ Lin(RN ,Rd×d) 

L ∈ Lin(RN ,RN ) 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. &  0 ∈ K  
  K ⊂ Z7 K =
{ z ∈ Z ; z(x) ∈ K  }   #     
 >  6   
#	
 
 &  3  K    
  χK(z) = 0  # z ∈ K 
 χK(z) = ∞ & 
 
7 ∂χK    	 H














   z : S → Z &   #
z(0) = z0, )*
DuE(t, u(t), z(t)) = 0 #  t ∈ S, )*
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  # E &  3  V 
 Z7
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 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 E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 
 )*F)1* 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
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 & 
 
z(0) = z0, )2*∫
Ω
A(∇u(t) −Bz(t)) : ∇v dx = 〈	(t), v〉V #  v ∈ V, t ∈ S, )?*
∂tz ∈ ∂χK(−Lz +BA(∇u−Bz) − F (t)) #  t ∈ S. )*
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 #	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 # )?*F)*  
 @
   3
 @ u : S → V 
  

   z : S → Z &  z(0) = z07
&  #  t ∈ [0, T ]  #  #& 







)'* E(t, u(t), z(t)) ≤ E(t, v, ζ) + R(ζ − z(t)) #  v ∈ V, ζ ∈ Z,
)* E(t, u(t), z(t)) + ∫ t0 R(ż(τ)) dτ = E(0, z0) + ∫ t0 ∂tE(τ, u(τ), z(τ)) dτ.
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7 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 3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  R   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 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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 	 ∈ W1,1(S;V ′)7 F ∈ W1,1(S;Z)7 z0 ∈ Z 
  .  u0 ∈ V 	 
DuE(0, u0, z0) = 0 
 −DzE(0, u0, z0) ∈ K
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  R : Z → R   
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  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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! (u, z) ∈ W1,1(S;V )×W1,1(S;Z) 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 )2*)*  # $ %
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 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 # 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f(t) · v +H(t) : ∇v dx )*
# v ∈ V  % 	K 
 
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 
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   
	
 f ∈ W1,1(S; L2(Ω))7 H ∈ W1,1(S; L2(Ω))7 F ∈ W1,1(S;Z)7 z0 ∈ Z 
  . 
u0 ∈ V 	  DuE(0, u0, z0) = 0 
 −DzE(0, u0, z0) ∈ K
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	 #   33
   

&     '  

    z0 ∈
H1Γ (Ω,R
N ) f ∈ W1,1(S; L2(Ω)) H ∈ W1,1(S; H1Γ (Ω))  F ∈ W1,1(S; H1Γ (Ω))
  
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 (u, z) 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( ∂iu ∈ L∞(S; H1Γ (Ω)) ∂iz ∈ L∞(S; L2(Ω))  1 ≤ i ≤ d− 1
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7 Bsp,q(Ω) 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# s > 07 s /∈ N 





Hs(Ω) ⊂ Bs2,∞(Ω) ⊂ Hs−δ(Ω).
	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 v ∈ Bs2,∞(Ω) # s ∈ (0, 1)  # 
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9 ΩP = (−	, 	)d  
  H1(ΩP )  3 # H1!#	
 
 &   3  
&  3  ΩP  6 3 #     3
    
 
VP = {u ∈ H1(ΩP ) ;
∫
ΩP
udx = 0 }.
 
    
   
  3 	  
7 

EP (t, v, ζ) =
∫
ΩP
W (∇v, ζ) dx−
∫
ΩP
f(t) · v +H : ∇v dx+
∫
ΩP
F (t) · ζ dx
# v ∈ VP 7 ζ ∈ Z = L2(ΩP ; RN ) 




    @
   3
 @ u : S → VP 
  

   z : S → Z
&  z(0) = z0 
  # 
 #  t ∈ S 
  v ∈ H1(ΩP )   
∫
ΩP
A(∇u−Bz) : ∇v dx =
∫
ΩP
f(t) · v +H(t) : ∇v dx, )*
∂tz(t) ∈ ∂χK(−DzEP (t, u(t), z(t))). )*
6  3    
 ;	 
  )'* N )* #	 &  EP 
 VP  
 # E 

V   	 
	
 z0 ∈ Z7 f ∈ W1,1(S; L2(ΩP )) & 
∫
ΩP
f dx = 0O H ∈ W1,1(S; L2(ΩP ,Rd×d))O
F ∈ W1,1(S; L2(ΩP )) 
  .  u0 ∈ VP 	  DuEP (0, u0, z0) = 0 

−DzE(0, u0, z0) ∈ K
% #7 &   #& 
 . 
 	
       )  

   

    

! (u, z)  !	& )*)*  u ∈ W1,1(S;VP )  z ∈ W1,1(S;Z)







A : VP → V ′P &  〈A(u), v〉VP =
∫
ΩP
A∇u : ∇v dx
#  u, v ∈ VP    A   # J 
 
   .   

 cA > 0









L : Z → Z, L(z) = Lz +BA(∇A−1 divABz +Bz),
&  3 div : L2(ΩP ,Rd×d) → V ′P    
 
〈div η, v〉 = −
∫
ΩP
η : ∇v dx,
# η ∈ L2(ΩP ,Rd×d) 
 v ∈ VP 
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 33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#  L   # J 
 
   &  3  Z7
  & 
〈Lz1, z2〉Z = 〈Lz2, z1〉Z , 〈Lz, z〉Z ≥ cL ‖z‖2Z )*
#  z7 z17 z2 ∈ Z 
  

 cL > 0  
 & @

F̃ (t) = F (t) +BA∇A−1(divH(t) − f(t)). )1*
  f(t)7 H(t) 
 F (t)  
 L2(ΩP )  3  F̃ (t) ∈ L2(ΩP )
   @
  
7 3 )*F)*   ;	 
 
A(u(t)) = f(t) − divH − divABz(t), )2*
∂tz(t) ∈ ∂χK(−L(z(t)) − F̃ (t)), z(0) = z0. )?*
 &  #	   	 
 
  	 ;	 
 )?* 9 	 (  

3     3  . 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   # 3 
 	 	  	
  )%!3    * 

&   i ∈ {1, 2}  "
 zi0 ∈ Z F̃i ∈
L∞(S;Z)  zi ∈ W1,1(S;Z) 

   t ∈ S  





 c > 0 " 
 !    
"   
t ∈ S  
c ‖z1(t) − z2(t)‖2Z ≤
∥∥z10 − z20∥∥2Z + ‖z1 − z2‖W1,1(S;Z) ∥∥F̃1 − F̃2∥∥L∞((0,t);Z). )*
 & F̃i ∈ W1,1(S;Z)   

 c > 0 
" 
‖z1 − z2‖L∞(S;Z) ≤ c
( ∥∥z10 − z20∥∥Z + ∥∥F̃1 − F̃2∥∥W1,1(S;Z)). ),*
 9 zi07 F̃i 
 zi   
   
 9  6
  
 )*  3   #
 t ∈ S & 
〈∂t(z1(t) − z2(t)),L(z1(t) − z2(t))〉Z ≤ −〈∂t(z1(t) − z2(t)), F̃1(t) − F̃2(t)〉Z .
"
 
 &  3  t 
 	 
  33  # L # )*7 &     
 

 c > 0 	 
c ‖z1(t) − z2(t)‖2Z ≤
∥∥z10 − z20∥∥2Z − ∫ t
0
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  # 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W1,1(S;Z)!#	
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 
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   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   	  	  
 
# &   	  	  
  3   7 &  
	  #	 
!
 
   #	
 
 v : ΩP → Rn & 
  ṽ : Rd → Rn  3   .
 
 # v
 Rd7   ṽ(x+ y) = v(x) #  x ∈ ΩP 
 y ∈ (2	Z)d +7 # h ∈ Rd & @

  #  h  vh : ΩP → Rn7 vh(x) = ṽ(x+ h) 
  hv(x) = vh(x) − v(x)  

Fi = { v ∈ L2(ΩP ) ; ∂iv ∈ L2(ΩP ) 
 v   3   &   i!  
 }
&  ‖v‖Fi = ‖v‖L2(ΩP ) + ‖∂iv‖L2(ΩP )   h ∈ R  33 
 Fi → Fi @

  v → vhei 7 & ei    	




 3  +7 H1(ΩP ) = ∩1≤i≤dFi
     z0 ∈ Fi  F̃ ∈ L∞(S;Fi)  
& i ∈ {1, . . . , d}  

& 
z ∈ W1,1(S;Z) 


 )?*   

  "




|h|− 12 ‖z(t, · + hei) − z(t, ·)‖L2(ΩP ) ≤ c. )*
 & F̃ ∈ W1,1(S;Fi) 
z ∈ L∞(S;Fi). )*
,










9 z ∈ W1,1(S;Z)  # )?* &   z0 ∈ Fi 





   8	   3    	3 
 
  
    #  h ∈ R   # #	
 
 z0,hei 
 F̃hei    	 
 z0 
 F̃  +7 z  @ )?* &  3  z0 
 F̃  # 
 
  # zhei  @
)?* &  3    z0,hei 
 F̃hei  "
;	  )* &  z1 = z 
 z2 = zhei
 3    .   

 c > 07 &     
3

 # h 
 t7 	 
c ‖heiz(t)‖2Z ≤ ‖heiz0‖2Z + ‖heiz‖W1,1(S;Z)
∥∥heiF̃∥∥L∞(S;L2(ΩP )).
  	  	3 
 
   & 
	     
   

#	     )  A-6B*
r.h.s. ≤ |h|2 ‖z0‖2Fi + 2 |h| ‖z‖W1,1(S;Z)
∥∥F̃∥∥
L∞(S;Fi).
6  3   )*
%	 
&  F̃     
 3 	  F̃ ∈ W1,1(S;Fi) &7
  ),*  3  
‖heiz‖L∞(S;Z) ≤ c |h|
( ‖z0‖Fi + ∥∥F̃∥∥W1,1(S;Fi)).
 9 1  





 	 #  #	 3   3
   )E	   
  3   *
    ! (u, z) ∈ L∞(S;VP ) × W1,1(S;Z) 





f(t) dx = 0 H ∈ W1,1(S;Fi)  F ∈ W1,1(S;Fi)  
&
i ∈ {1, . . . , d} 
∂iu ∈ L∞(S; H1 (ΩP )), z ∈ L∞(S;Fi).
	 

&   ! (u, z) ∈ L∞(S;VP )×W1,1(S;Z) 






2,∞(ΩP ) f ∈ L∞(S; L2(ΩP )) 
∫
ΩP
f(t) dx = 0 H ∈ L∞(S;Fi)  F ∈
L∞(S;Fi)  
& i ∈ {1, . . . , d}   

  "




|h|− 12 ‖hei∇u(t)‖L2(ΩP ) ≤ c,
sup
t∈S, h∈R\{0}
|h|− 12 ‖heiz(t)‖L2(ΩP ) ≤ c.
* ei 
   "   i+ " "

"#  	3 
 # 3 )*   @ #  i ∈ {1, . . . , d}7 

u ∈ L∞(S; B
3
2
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	  
 A?B # 3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
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 	  	3 
 # 3 )*     3  	 





  W1,1(S;Fi) 6	   #&
# 6   z ∈ L∞(S;Fi) 6 	 # u #&  
   3  	 
 
    #  
 )2*
"#     	     
 6 1)*7 
 F̃ ∈ L∞(S;Fi) 6
 
  3  	  	    	 # z 
 u
    
 
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	  # u 
 z
   
 6  #&  
   &  3 )* # 6  
 &
#	  	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 
 1 6 
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 	  33  &  3   ed   
7
& 33 3 )* # 6 1 6 

  	  	 # 6 1
	
   .
   #  	3 
 # 3 )* # 6 1
 	 		 	





&     '  

+
   z0 ∈ H1Γ (Ω) f ∈ W1,1(S; L2(Ω)) H ∈ W1,1(S; H1Γ (Ω))  F ∈
W1,1(S; H1Γ (Ω))   




  1 ≤ i ≤ d





    	 #	 
 #  3  3  
3 
 3 6 1  




  	  
 	

9 (u, z) ∈ W1,1(S;V ×Z)   	 
  )2*F)* &    
  6





9 ϕ ∈ C∞([0, 	]) &  ϕ(xd) = 1  
  




 0 ≤ ϕ ≤ 1  γ0 & 
   3 # H1(Ω)  L2(Γ0) 
 @

û(t, x) := ϕ(xd)(γ0u(t))(x′) # x = (x′, xd) ∈ Ω, t ∈ S.
6 

  	  # u    #& 
 	  # û/
   
 û ∈ L∞(S; H1Γ (Ω))  ∂dû ∈ L∞(S; H1Γ (Ω))
 ' 
 u ∈ W1,1(S;V ) ⊂ L∞(S; H1(Ω))7     3   û ∈
L∞(S; L2(Ω)) +7 # 6 1 & 
	  #  h ∈ R7 # 
i ∈ {1, . . . , d− 1} 








;	  &  	  
 
	  #   3 γ0 ' 
  
   	
 # &  3  h7   #&  û ∈ L∞(S;∩1≤i≤d−1Fi(Ω)) R !
	7 # k ∈ N    ∂(k)d û(t, x) = ϕ(k)(xd)(γ0u(t))(x′)7 





d û ∈ L∞(S; H1Γ (Ω))7 &  @
   3#
9 R = I − 2ed ⊗ ed ∈ Rd×d    I 
   	
 Γ0  #	
 

v : Ω → Rd & &  	  
 






  ΩP = (−	, 	)d/
uP (t, x) =
⎧⎨⎩u(t, x) − û(t, x) x ∈ Ω+ = Ω−u(t, Rx) + û(t, Rx) x ∈ Ω− = RΩ .
   






zP (t, x) =
⎧⎨⎩z(t, x) x ∈ Ω+z(t, Rx) x ∈ Ω− , z0,P (x) =
⎧⎨⎩z0(x) x ∈ Ω+z0(Rx) x ∈ Ω− .
6 .
 	 #  @
 
fP (t, x) =




 # fP 
 

     # ∇u7 z 





θP (t, x) =




HP (t, x) = −AθP (t, x) +
⎧⎨⎩H(t, x) x ∈ Ω+H(t, Rx) x ∈ Ω− ,
FP (t, x) = −BAθP (t, x) +
⎧⎨⎩F (t, x) x ∈ Ω+F (t, Rx) x ∈ Ω− .
  ,  

&!
  &   	  "
  
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uP ∈ L∞(S;VP (ΩP )),
zP ∈ W1,1(S; L2(ΩP )), z0,P ∈ H1 (ΩP ),
fP ∈ L∞(S; L2(ΩP )),
∫
ΩP
fP (t) dx = 0,
θP ,HP , FP ∈ L∞(S;Fd).
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(A(∇u−Bz) −H)(R + I)) dx = 0
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 #  ψ ∈ C∞(ΩP )   ∫
ΩP
θP : ∂dψ dx =
∫
Ω−
∂d(2∇′(u ◦R) −∇(û ◦R)) : ψ dx+
∫
Ω+
∂d∇û : ψ dx.
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

uP ∈ L∞(S;VP )  zP ∈ W1,1(S;Z) 

 zP (0) = z0,P ∫
ΩP
A(∇uP (t) −BzP (t)) : ∇v dx =
∫
ΩP
fP (t) · v +HP (t) : ∇v dx, )1*





( ‖hed∇uP (t)‖L2(ΩP ) + ‖hedzP (t)‖L2(ΩP ) ) ≤ c 
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 v ∈ VP   ∫
ΩP
A(∇uP −BzP ) : ∇v dx =
∫
Ω+













A(∇u−Bz))(R+ I) : ∇(v◦R) dx. )1*
  (v − v◦R)∣∣
Ω+
∈ V (Ω+) 
 #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  	  
 )?* 
 )* 
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 @  
   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   # )1* 6   ∫
ΩP
A(∇uP −BzP ) : ∇v dx =
∫
Ω+

















A(∇(û◦R) −∇(u◦R)(R+ I)) : ∇v dx.
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−f − divH − 12 div((A∇u)(R + I)) 8	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 	 hN ∈ W1,1(S; (H
1
2
(Γ0))′) 6 (    @
  3  (u, z) ∈




 z(0) = z0 	  #  v ∈ V 

 t ∈ S & ∫
Ω
A(∇u(t) −Bz(t)) : ∇v dx =
∫
Ω
f(t) · v dx− 〈hN (t), v〉Γ0 , )11*
∂tz(t) ∈ ∂χK(−Lz(t) +BA(∇u(t) −Bz(t))). )12*
%	 
hD ∈ W1,1(S; H
3
2








 .  uN ∈ W1,1(S;V ∩ H2Γ (Ω)) & ∫
Ω
A∇uN : ∇v dx = 〈hN (t), v〉Γ0
#  v ∈ V  " #&   3  (u, z)  )11*F)12*  # 
 
  # u = u0 + uD
&  u0(t) ∈ V 
  3  (u0, z)  @ #  v ∈ V∫
Ω
A(∇u0(t) −Bz(t)) : ∇v dx =
∫
Ω
f(t) · v +A(∇uN (t) −∇uD(t)) : ∇v dx, )1*
∂tz(t) ∈ ∂χK(−Lz(t) +BA(∇u0(t) −Bz(t)) +BA∇uD(t)). )1*
2
 )1?* & 
	 
H := A(∇uN −∇uD) ∈ W1,1(S; H1Γ (Ω)),
F := −BA∇uD ∈ W1,1(S; H1Γ (Ω)).
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